Binary sequences with low odd-periodic correlation magnitudes have found important applications in communication systems. It is well known that the three operations, negacyclic shift, decimation, and negation, preserve the odd-periodic autocorrelation function (OACF) in general. In this paper, we define a new operation based on Parker's transformation, which also preserves the OACF of binary sequences. This enables us to classify Parker's 16 cases into 8 ones, and may possibly further allow to classify all constructions based on Parker's transformation.
I. INTRODUCTION
Periodic binary sequences with low correlation are widely used in digital communication systems, spread-spectrum systems [1] , [2] because sequences with low correlation are easily distinguishable. In direct sequence code division mutiple access (DS-CDMA) systems, the output of the correlator is affected by even correlation and odd correlation depending on the change of information symbols [3] , [4] .
Let N be a positive integer. Consider two binary sequences a = (a(i)) and b = (b(i)) of period N over GF (2) , where the sequence indices i are taken modulo N . The odd-periodic correlation function of a and b at the shift τ is defined as
where i+τ N denotes the integer part of i+τ N . When the two sequences a and b are identical, the odd-periodic correlation function R a,b (τ ) is called negaperiodoc autocorrelation function (NACF) or odd-periodic autocorrelation function (OACF) of a, and simply denoted by R a (τ ) [5] . The (even)-periodic correlation function of a and b at the shift τ is defined as
The authors were supported by the National Science Foundation of China under Grant No. 61672015. and denoted by R a,b (τ ). The (even)-periodic autocorrelation function (PACF) of a is R a,a (τ ) and denoted by R a (τ ). Binary sequences with low PACF magnitudes have been extensively investigated, and are closely related to combinatorial objects (see, for example, a survey [6] ). Very recently, there was progress on binary sequences with low OACF magnitudes (see [9] , [5] , [7] ). The lower bound of OACF magnitudes was given by Pott [8] .
Let a be a binary sequence of period N , then
where θ(a) = max 0<τ <N R a (τ ) .
The periodic binary sequence a is called odd-optimal if the lower bound in (3) is met.
Binary sequences with low OACF magnitudes can be derived from those with low PACF magnitudes in the following. For two binary sequences a, a of odd period N , the OACF values of a can be computed by R a (τ ) = (−1) τ R a (τ ), where a satisfies a (i) = a(i) + 1 for all odd i, a (i) = a(i) for all even i, i.e., a is the sign alteration of a.
For those of even period N , the values of OACF can be obtained from PACF values by Parker's transformation [10] . The Parker's transformation is defined as follows: Let s be a binary sequence with length N (not necessarily even). Define u = s||(s ⊕ 1) = [s 0 , s 1 , s 2 , . . . , s N −1 , s 0 + 1, s 1 + 1, s 2 + 1, . . . , s N −1 + 1], where || denotes the concatenation. The OACF of s can be computed by the PACF of u via the following equation.
where 0 ≤ τ < N . Thus, instead of constructing binary sequence s with low OACF magnitudes directly, Parker [10] , Li and Yang [5] constructed u = s||(s ⊕ 1) with low PACF magnitudes and induced s with low OACF magnitudes. Parker's transformation [10] is powerful in constructing binary sequences with low OACF magnitudes. Moreover, we find that it can also be used to induce OACF-preserving operations.
The remainder of the present paper is organized as follows. In Section II, a new operation on binary sequences will be presented, which will be proved to preserve the OACF values. In Section III, by applying this new operation, we are able to classify the sequences conjectured by Parker and confirmed by Li and Yang [5] into fewer cases. Finally, Section IV concludes this paper with some future work.
II. OACF-PRESERVING OPERATIONS
In this section, we first review the known operations on binary sequences that preserve the PACF values and OACF values, respectively. We then define a new operation based on Parker's transformation, which will be proved to also preserve the OACF values. Furthermore, by giving an example, it is shown that the new operation cannot be obtained by any combination of those known operations in general.
We review the definition of known operators in the following.
Definition II.1. Let a be a binary sequence of period N . The negation on a is defined as [a(0) + 1, a(1) + 1, . . . , a(N − 1) + 1]. and denoted by a ⊕ 1 orā.
Definition II.2. Let a be a binary sequence of period N . The cyclic shift τ , denoted by L τ , is defined as
Definition II.3. Let a be a binary sequence of period N . For any integer d with gcd(d, N ) = 1, the d-decimation on a is a mapping that maps a to b with b(i) = a(di) for all integer i, where b is a binary sequence of period N . The d-decimation is denoted by D d (·).
Definition II.4. Let a be a binary sequence of period N . The negacyclic shift τ or odd shift τ , which is denoted by L τ (·), is defined as
By definition, it is routine to check that the cyclic shift, decimation, and negation operations all preserve the PACF values. Likewise, the negacyclic shift, decimation, and negation operations all preserve the OACF values [10] .
We now define a new operation based on the Parker's transformation. Recall that Parker's transformation maps a binary sequence s of period N to u = s||(s ⊕ 1). The OACF values of s are totally determined by the PACF values of u. Therefore, it is natural to ask whether a PACF-preserving operation δ on u could induce an OACF-preserving operation on s. The following lemmas and theorems provide an answer to this question.
Lemma II.1. Let u be a binary sequence of period 2N . If the sequence u is of the form u = s||(s ⊕ 1) for some binary sequence s of length N, then R u (τ + N ) = −R u (τ ) for all τ = 0, 1, . . . N − 1.
Proof. By (2), we have
Theorem II.3. Let δ be any PACF-preserving operation and u = s||(s ⊕ 1) for some binary sequence s with period N . If δ(u) = u = s ||(s ⊕ 1) for some binary sequence s of period N . Then the OACF values of s are identical to the OACF values of s.
By Lemma II.1 and (4), we have
When N is odd, by Lemma II.2, we have
Therefore, we have The first half of L τ (s||(s⊕1)) is L τ (s). Thus,L τ (s) = L τ (s).
If N ≤ τ < 2N , then τ = N + t for some 0 ≤ t < N . Notice that L N (s||(s⊕1)) = (s⊕1)||s, thus, we haveL τ
Therefore, when δ is negation or cyclic shift,δ is equivalent to negation or negacyclic shift respectively. However,δ can not be obtained by any combination of negation, negacyclic shift and decimation if δ is decimation in general.
Example II.1. Let s be a binary sequence of period 31. s =[0, 1, 1, 1, 1, 0, 1, 0, 1, 0, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 0, 0, 0, 1, 1, 0, 0, 1, 0, 1, 1].
ApplyingD 3 (·) on s, we havẽ D 3 (s) =[0, 1, 1, 0, 1, 1, 0, 0, 1, 1, 1, 0, 1, 0, 1, 1, 0, 1, 0, 1, 0, 1, 1, 0, 0, 0, 1, 0, 0, 0, 0] =s .
By computer search, the sequence s can not be obtained from s by any combination of negation, negacyclic shift and decimation.
Remark II.1. Example II.1 shows that the operationD d (·) can not be obtained by any combination of negation, negacyclic shift and decimation in general. This is sufficient to show thatD d (·) is a new operation. Corollary II.6.1. The operationD d (·) is an OACF-preserving operation. Furthermore, there exist a binary sequence s of period N and an integer d with gcd(d, 2N ) = 1 such that D d (s) can not be obtained by any combination of negation, negacyclic shift and decimation on s.
Proof. By Theorem II.3, Lemma II.6 and Remark II.1, the proof is completed.
Definition II.5. Let a be a binary sequence of period N. The new d-decimation on a is defined asD d (a) where gcd(d, 2N ) = 1.
So far, there are four known OACF-preserving operations: negation, negacyclic shift, decimation and new decimation.
III. CLASSIFICATION OF PARKER'S 16 SEQUENCES
In [10] , Parker constructed two classes of odd-optimal binary sequences of period 2p and further conjectured 16 classes of binary sequences' OACF values of period 4p with p prime. These conjectures were recently confirmed by Li and Yang [5] . In this section, we first review Parker's 16 classes of sequences and then classify them into 8 ones by the newly defined OACF-preserving operation.
A. Parker's Conjecture
Let p be a prime such that p = x 2 + 4y 2 = 4f + 1, where x, y, f are integers. Fix α as a generator of GF (p), and the cyclotomic classes of order 4 with respect to GF (p) are
Let η be an isomorphism from Z 8 × Z p to Z 8p and N = 4p. The characteristic sequence u of η(S) satisfies u(i) = u(i + N ) + 1 for i = 0, 1, . . . N − 1 if we require that A n+4 = ∪ t / ∈In D t and j + 4 ∈ ( / ∈)G for all j / ∈ (∈)G, for j, n = 0, 1, 2, 3 [10] . Thus, u is completely described by G , A 0 , A 1 , A 2 , A 3 , where G = {g ∈ G, g ≤ 4}. The OACF values of Parker's 16 classes of sequences are obtained by Li and Yang [5] via an interleaving-based construction, and the results are listed in Tables I, II , III. Each class of sequences is denoted by s i , for i = 1, 2, . . . , 16, and the support of s i ||(s i ⊕ 1) is determined by G and γ, where γ = A 0 , A 1 , A 2 , A 3 . The symbol C i 's for i = 1, 2, . . . , 6 are defined as follows : We give a proof of the case that s 4 can be obtained by s 1 via a combination of the four OACF-preserving operations. The other 15 Parker's sequences can be handled in a similar way, and the proof is thus omitted.
Theorem III.1. Let s 1 , s 4 be the sequences defined in Table  I . Then the sequence s 4 can be obtained from s 1 via a combination of negation, and new decimation. More precisely,
where α is the fixed generator in GF (p) and φ is an isomorphism from Z 8p to Z 8 × Z p that maps x to (x mod 8, x mod p).
Proof. Define u 1 = s 1 ||(s 1 ⊕ 1) and u 4 = s 4 ||(s 4 ⊕ 1). Let S u1 , S u4 be the support of u 1 , u 2 respectively, and φ(S u1 ) = C u1 = {(2, 0), (4, 0), (5, 0), (7, 0)}
Firstly, we apply negation on u 1 . Then the support of u 1 ⊕ 1 that is denoted by S u1⊕1 satisfies
We then apply the d-decimation on u 1 ⊕ 1, where φ(d) = (1, α 3 ). The support of D d (u 1 ⊕ 1) that is denoted by
This implies that S D d (u1⊕1) = S u4 since φ is bijective. Therefore, s 4 =D φ −1 ((1,α 3 )) (s 1 ⊕ 1). This means that the sequence s 4 can be obtained from s 1 via a combination of negation and the new decimation.
Remark III.1. The interleaving based construction in [5] can be represented by the subsets in Z 8 × Z p via an isomorphism. The subset has the same format as C u1 in the proof. Thus, we can classify the interleaving based construction by following the method in Theorem III.1.
By applying the same method in Theorem III.1, we can classify the 16 classes of binary sequences by Parker into 8 classes that listed in Table IV , where φ and α follow the definition in Theorem III.1. 
IV. CONCLUSION
In this paper, we defined a new OACF-preserving operation called new decimation. The new decimation operation enables us to classify the 16 Parker's classes of sequences into 8 ones. The interleaving sequences defined by Li and Yang [5] can also be classified by the new operation. Once the orbit of the new decimation can be determined, we may possibly be able to fully classify all constructions of binary sequences based on Parker's transformation. This may constitute one of future directions.
